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Abstract. Let p be a prime. Uniform pro-p groups play a central role in the 
theory of p-adic Lie groups. Indeed, a topological group admits the structure 
of a p-adic Lie group if and only if it contains an open pro-p subgroup which is 
uniform. Furthermore, uniform pro-p groups naturally correspond to powerful 
Zp-Lie lattices and thus constitute a cornerstone of p-adic Lie theory. 

In the present paper we propose and supply evidence for the following con- 
jecture, aimed at characterising uniform pro-p groups. Suppose that p > 3 and 
let G be a torsion-free pro-p group of finite rank. Then G is uniform if and only 
if its minimal number of generators is equal to the dimension of G as a p-adic 
manifold, i.e., d(G) — dim(G). In particular, we prove that the assertion is true 
whenever G is soluble or p > dim(G). 



1. Introduction 

Throughout let p be a prime, hazard's seminal paper Groupes analytiques 
p-adiques [13], published in 1965, provides a comprehensive treatment of the the- 
ory of p-adic analytic Lie groups. One of his main results was a solution of the 
p-adic analogue of Hilbert's 5th problem. More precisely, he obtained the fol- 
lowing algebraic characterisation of p-adic analytic groups: a topological group is 
p-adic analytic if and only if it contains a finitely generated open pro-p subgroup 
which is saturable. In the 1980s Lubotzky and Mann introduced the concept of a 
powerful pro-p group and used this notion to re-interpret the group-theoretic as- 
pects of hazard's work, by and large sidestepping the analytic side of the theory. 
Central to their approach are the uniformly powerful pro-p groups, which play 
a role similar to the one of saturable pro-p groups in hazard's work. A detailed 
treatment of p-adic analytic groups from this point of view and a sample of its 
manifold applications are given in [1]. 

A pro-p group G is said to be powerful if p > 3 and [G, G] < G^, or p = 2 
and [G, G] < G^. Here, [G, G] and G^ denote the (closures of the) commutator 
subgroup and the subgroup generated by all pth powers. The definition of a 
uniformly powerful pro-p group is stated in Section |2l For the moment it suffices 
to recall that a pro-p group is uniformly powerful, or uniform for short, if and only 
if it is finitely generated, powerful and torsion-free. The rank of a pro-p group G 
is the basic invariant 

rk(G) := sup{d{H) \ H a closed subgroup of G}, 
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where d{H) denotes the minimal cardinahty of a topological generating set for H. 

The class of p-adic analytic groups can now be characterised as follows; see PQ 
Corollary 8.34]. A topological group admits the structure of a p-adic analytic Lie 
group if and only if it contains an open pro-p subgroup of finite rank. Moreover, 
a pro-p group has finite rank if and only if it admits a uniform open subgroup. 

A key invariant of a p-adic Lie group G is its dimension as a p-adic manifold 
which we denote by dim(G'). Algebraically, dim(G) can be described as d{U), 
where U is any uniform open pro-p subgroup of G. In [lOJ it is shown that, for 
p > 3, every torsion-free compact p-adic Lie group G satisfies rk(G') = dim(G'). 

1.1. Main results. The purpose of the present paper is to propose a new charac- 
terisation of uniform pro-p groups in terms of their minimal numbers of generators. 
It is well known that every uniform pro-p group G satisfies d{G) = dim(G'). We 
propose and supply evidence for the following conjecture. 

Conjecture 1.1. Suppose that p > 3 and let G be a torsion-free pro-p group of 
finite rank. Then G is uniform if and only if d{G) = dim(G). 

Standard examples show that the assertion of the conjecture cannot extend to 
p = 2 without modifications; see Section [2l It is not quite clear what one could 
reasonably hope for in this case and for now we shall concentrate on p > 3. Our 
first results imply that Conjecture 11.11 is indeed true for soluble pro-p groups. 
Every profinite group G of finite rank has a maximal finite normal subgroup. We 
refer to this subgroup as the periodic radical of G and denote it by tt{G). 

Theorem 1.2. Suppose that p > 5 and let G be a soluble pro-p group of finite 
rank such that 7r(G') = 1. If d{G) = dim(G) then G is uniform. 

In Section [2] we give an example to show that the assertion of Theorem 1 1 . 21 does 
not extend to p = 3 without modifications. Nevertheless a separate analysis leads 
to the following somewhat weaker theorem, still confirming Conjecture II. 1[ 

Theorem 1.3. LetG be a torsion-free soluble pro-3 group of finite rank. If d{G) = 
dim(G) then G is uniform. 

For a finitely generated nilpotent group F we denote by n(F) the set of all primes 
q such that F contains an element of order q. It is known that the torsion elements 
of F form a finite subgroup, hence the set n(F) is finite. As a consequence of the 
above theorems we obtain the following corollary. 

Corollary 1.4. Let F be a finitely generated nilpotent group and let h{r) denote 
the Hirsch length o/F. Suppose that p ^ n(F) U {2}. Then the pro-p completion 
Tp of r is a uniform pro-p group if and only «/ dimFp(F/F^[F, F]) = h{r). 

Our current results for insoluble groups are not quite strong enough to settle 
Conjecture 11.11 in full generality. However, we are able to confirm the conjecture 
for a wide range of groups. 
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From [2] we recall that a subgroup of a pio-p group G is PF- embedded in G 
if there exists a central descending series of closed subgroups Ni, i E N, starting 



at Ni = N such that HigN Ni = 1 and [Ni, G,...,G]< iVf+i for all i E N. 



Theorem 1.5. Suppose that p > 3. Let G be a pro-p group of finite rank with an 
open PF- embedded subgroup and such that the map G ^ G, x ^ x'^ is injective. 
If d{G) = dim(G') then G is uniform. 

It is not hard to see that every closed subgroup of a finitely generated saturable 
pro-p group has an open PF-embedded subgroup. Since it is one of the built-in 
features of a saturable pro-p group G that the map G — t- G, a; t— t- a;^ is injective, 
we obtain immediately the following corollary. 

Corollary 1.6. Suppose that p > 3 and let G be a closed subgroup of a finitely 
generated saturable pro-p group. If d{G) = dim(G) then G is uniform. 

We recall that every uniform pro-p group is saturable, albeit the converse is 
not true; see [9]. The next corollary can be used to produce easily examples of 
saturable groups which are not uniform. 

Corollary 1.7. Suppose that p > 3 and let G be a finitely generated saturable 
pro-p group. Then G is uniform if and only if d{G) = dim(G). 

Furthermore, a result of Gonzalez- Sanchez and Klopsch in [7j allows us to derive 
the following consequence. 

Corollary 1.8. Let G be a torsion-free pro-p group of finite rank such that p > 
dim(G). If d{G) = dim(G) then G is uniform. 

Finally, it is natural to ask whether there is an analogue of Conjecture 11.11 for 
finite p-groups. Currently, there is perhaps not enough evidence to support a 
'formal' conjecture, but we can raise the following problem. For a finite p-group 
G the subgroup fli{G) is the group generated by all elements of order p in G. 

Question 1.9. Suppose that p > 3 and let G be a finite p-group. Is it true that 
G is powerful if and only if d{G) = \ogp\fli{G)\ ? 

Similarly as for Conjecture I l.H the forward implication in Question [L9] is known 
to be true. Suppose that p > 3 and let G be a powerful finite p-group. Then 
\G : GP\ = \ni{G)\, by |20l Theorem 3.1], and from [G,G] C Gp we conclude that 
d{G) = \G : G^l = \Qi{G)\. The actual problem is whether the implication in 
the other direction is true. Our next result shows that a positive answer to this 
question would resolve Conjecture 11.11 

Proposition 1.10. Coniecture \l.l\ is true if the answer to Question \1.9[ is 'yes'. 

Section |2] contains a variation of Question 11.91 and a short discussion, showing 
that the answer is indeed 'yes' for certain special classes of groups, namely for 
finite p-groups which are regular, potent or p-central. 
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1.2. Some applications. The property of being powerful is readily inherited by 
factor groups and by direct products, but straightforward examples show that 
often it is not inherited by subgroups. We say that a pro-p group G is hereditarily 
powerful if every open subgroup of G is powerful. Similarly, we say that G is 
hereditarily uniform if every open subgroup of G is uniform. In p2] Lubotzky 
and Mann proved that a finite p-group is hereditarily powerful if and only if it is 
modular and, if p = 2, not Hamiltonian. From their result we deduce the following. 

Theorem 1.11 (Lubotzky and Mann). Let G he a finitely generated pro-p group. 
Then G is hereditarily powerful if and only if there exist an abelian normal subgroup 
A of G, an element b E G and s G N U {oo}, with s > 2 if p = 2, such that 

G = {b)A, 

where the group A is written additively and b acts as multiplication by 1 + p^ . 

Corollary 1.12. Let G be a finitely generated pro-p group. Then G is hereditarily 
uniform if and only if one of the following holds: 

(1) G = «s abelian for some G {0} U N; 

(2) G={b)tKA for {b) = Zp and A = where d > 2 and b acts on A as 
multiplication by 1 + p^ for some s G N, with s > 2, if p = 2. 

In [11] the authors of the present paper used Lie ring methods to classify all 
finitely generated pro-p groups with constant generating number on open sub- 
groups; see Theorem 13.11 In Section |3] we indicate how Corollary 11.121 yields an 
alternative proof in the case p > 3, which does not require Lie ring techniques. 

1.3. Notation. Throughout the paper, p denotes a prime. The p-adic integers 
and p-adic numbers are denoted by Zp and Qp. We write Gp to refer to a cyclic 
group of order p. 

Subgroups H oi a. topological group G are tacitly taken to be closed and by 
generators we mean topological generators as appropriate. The minimal number 
of generators of a group G is denoted by d{G). Likewise the minimal cardinality 
of a generating set for a module M over a ring R is denoted by dR^M). 

A pro-p group G is said to be just-infinite if it is infinite and every non-trivial 
normal subgroup of G has finite index in G. Precise descriptions of uniform and 
saturable pro-p groups are given in Section O 

2. Uniform pro-p groups 

2.1. Let G be a pro-p group. The lower central p-series of G is defined as follows: 
Pi(G) = G and Pi+i{G) = Pi{GY[Pi{G),G] for ieN. We recall the definition of 
a uniformly powerful pro-p group. 

Definition 2.1. A pro-p group G is uniformly powerful, or uniform for short, if 
(i) G is finitely generated; 
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(ii) G is powerful, i.e., [G, G] C if p > 3, and [G, G] C GMf p = 2; 

(iii) \Pi{G) ■ Pi+i{G) \ = \G:P2{G)\ for all i G N. 

A useful characterisation of uniform pro-p groups is the following. 

Theorem 2.2 ([H Theorem 4.5]). A pro-p group is uniform if and only if it is 
finitely generated, torsion-free and powerful. 

If a finitely generated pro-p group G is powerful, then it has rank rk(G) = d{G), 
but the converse does not generally hold; see [H Theorem 3.8]. In view of flOi 
Theorem 1.3], we can rephrase Conjecture 11.11 as follows. 

Conjecture. Suppose that p > 3 and let G be a pro-p group. Then G is uniform 
if and only if it is finitely generated, torsion-free and rk(G) = d{G). 

2.2. We now prove the results about soluble pro-p groups stated in Section [LTl 
Furthermore, we provide examples to explain the restrictions that we impose on p. 

Proof of Theorem M.^ Suppose that d{G) = dim(G). We need to prove that G is 
powerful and torsion-free. If G is the trivial group there is nothing further to do. 
Hence suppose that G 1. 

First we show that G is powerful. Choose a normal subgroup N oi G such that 
H := G/N is just-infinite. Note that both 7r(A^) and 7t{H) are trivial. By [lOl 
Theorem 1.3] we have d{N) < dim(A^) and d{H) < dim{H). Thus we deduce from 
[H Theorem 4.8] that 

dim(G) = d{G) < d{H) + d{N) < dim{H) + dim{N) = dim(G), 

which implies d{H) = dim(if) and d{N) = dim(A^). Since dim(A^) < dim(G), it 
follows by induction that is powerful. We observe that in order to show that G 
is powerful it suffices to show that H is powerful: if H is powerful then 

\G : GP\ = \G : GPN\\N ■.NnGP\<\H: HP\\N : N^l = /W+'^W 

_ pdim(H)+dim(Af) _ pdim(G) _ pd{G) _ . QP^Q^Q'^^ < ■ QP^^ 

and we obtain [G, G] < G^. 

Therefore we may assume that G = H is just-infinite. Since G is soluble, we 
deduce that G is virtually abelian; see [H], Ch. 12]. Put d = d{G) = dim(G) 
and choose an open normal subgroup B < G such that B = "Z^. Let A := 
Cg(-B) ^ G, the centraliser of B in G, and write Z(yl) for the centre of A. Then 
1^ : 2(74)1 < \A : B\ < 00, and hence ^] is finite by Schur's theorem. Since G 
is just-infinite we must have ^] = 1. Hence A is abelian and self-centralising 
in G. Since vr(G) = 1, we conclude that A is torsion-free. The group G := G/A 
is finite and acts faithfully on A = Z^. In this way we obtain an embedding 
G GL(A) = GL(i(Zp). If G is trivial then G = A is abelian, hence powerful. 

For a contradiction, we now assume that G ^ 1. Let G = {x)A be a subgroup 
of G such that C := G/A = (x) is cyclic of order p and contained in the centre 
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Z(G) of G. According to jH Theorem 2.6], there are three indecomposable types 
of ZpC-modules which are free and of finite rank as Zp-modules: 

(i) the trivial module J = Zp of Zp-dimension 1, 

(ii) the module J = ZpC / {^{x)) of Zp-dimension p — I, where = 1 + 
X + . . . + X^~^ denotes the pth cyclotomic polynomial, 

(iii) the free module K = IjpC of Zp-dimension p. 

Hence the ZpC-module A, which is free and of finite rank as a Zp-module, decom- 
poses as a direct sum of indecomposable submodules 

where mi, m2, ms G {0} U N and Jj = /, Jj = J, Kk = K for all indices j, k. 

Put Ai = ©™\/i, A2 = ®Y=iJj and A3 = ®Z=iKk- Since C is central in (5, 
the decomposition A = Ai ® A2® A^ is G- invariant. Since G is just-infinite we 
conclude that A = Ai for precisely one i G {1,2,3}. We cannot have A = Ai, 
because C acts faithfully on A. Thus either A = A2 or A = A^, and consequently 
dzpci^) — niax{m2,m3} < [^^ziJ- Moreover, [ini Proposition 3.5] shows that 
d{G) < [:^\ ■ Hence from p > 5 we obtain 

(2.1) d{G) < d{G) + d^^ciA) < 2[d/{p -l)\<d = dim(G) 

in contradiction to d{G) = dim(G'). This concludes the proof that G is powerful. 

It remains to show that G is torsion-free. By |1] Theorem 4.20], the collection 
of all elements of finite order in G forms a characteristic subgroup T of G. Clearly, 
T C 7i{G) = 1 implies that G is torsion-free. □ 

The following example illustrates that the assertion of Theorem 11.21 does not 
extend without modifications to p = 3. 

Example 2.3. Consider the pro-3 group G = (z) tK Z^l^], where (z) = C3, I^sl^] = 
Z3 + Za^ = Z3 for a primitive 3rd root of unity ^ and where z acts on Z3[^] as 
multiplication by C,- One easily verifies that G is not powerful, even though G is 
soluble, 7i{G) = 1 and d{G) = 2 = dim(G). 

In order to prove Theorem II. 3l we need to analyse more carefully the case p = 3. 

Lemma 2.4. Suppose that p > 3 and let G be a just-infinite soluble pro-p group 
of finite rank such that 7r(G') = 1. If d{G) = dim(G'), then dim(G) < 2. 

Proof. Suppose that d := d{G) = dim(G). If G is abelian, then G = and d = 1. 
Now suppose that G is not abelian. Arguing as in the proof of Theorem II. 2[ we 
find an open normal subgroup A < G such that the quotient G = G/A ^ 1 acts 
faithfully on A = Z^. Moreover, there is a central cyclic subgroup (x) = C < G 
of order p such that A, regarded as a ZpC-module, decomposes into a (5-invariant 
homogeneous direct sum of pairwise isomorphic indecomposable submodules: 

A = ®f^iJj with d = m{p - 1) or A = ©"=1^^^ with d = mp, 
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just as in the proof of Theorem II .21 If p > 5, then (12 .ip yields a contradiction. 

Hence we have p = 3. Then d{G) < [d/2\ by [TIP, Proposition 3.5] and, if 
A = ®'^^iKk with d = 2,771, then 

d{G) < d{G) + rfz3c(^) < [df^l +d/3<d = dim(G), 

yielding a contradiction. Hence we obtain A = (BY=iJj with d = 2m. We can 
regard A as a free module of rank m over the ring R = ZpC / (x^ + x + 1) . This ring 
is naturally isomorphic to the valuation ring Z3[^] of the totally ramified extension 
QslO of Qs obtained by adjoining a primitive 3rd root of unity ^. The element 
TT represented by x — 1 is a uniformiser of R. We obtain an embedding 7]: G ^ 
GIj[A) = GLm(i?). The Sylow pro-3 subgroups of GLm(-R) are all conjugate to 
one another and we may assume that G^ consists of matrices which are upper 
uni-triangular modulo vr. If G"' is not contained in GLl^{R) = ker(GLm(-R) — )■ 
GLm{R/7^R)) then 

d{G) < d{G) + djiG{A) < d/2 + (771-1) =d-l<d = dim(G) 

yields a contradiction. 

Hence we obtain G'l C GL^(i?). We observe that GL^(i?) = ker(GL„(i?) -> 
GLm{R/7r'^R)) is torsion-free. Since G^ is finite, this implies that G embeds into 
GL^(i?)/ GL^(i?). But the latter group is elementary abelian, hence G is elemen- 
tary abelian. Let F = Qs^^) denote the field of fractions of R. Since G is just- 
infinite, V := F^jiA is an irreducible FG-modu\e. Since G is abelian of exponent 3 
and F contains a primitive 3rd root of unity, we deduce that m = dimpiV) = 1 
and d = 2. □ 

We remark that Lemma [23] has no analogue for insoluble groups, because there 
are just-infinite uniform pro-p groups of arbitrarily large dimension. 

Lemma 2.5. Let G be a pro-p group with a powerful open normal subgroup N < G, 
and suppose that z E G \ N . If G is torsion-free, then (z) fl (A^ \ A^^) 7^ 0. 

Proof. Suppose that G is torsion-free. Without loss of generality we may assume 
that z^ E N and, for a contradiction, we assume that z^ G A^"*^. Note that is 
uniform so that = for a E N. Furthermore, A^ admits the structure of a 
Zp(2)-module which is free and of finite rank over Z^; see p] Theorem 4.17]. Thus 
e Cn{z) implies a e Ci\i{z) so that {za'^y = 1. Since za^^ 7^ 1, this yields a 
contradiction. □ 

Proof of Theorem \1.3[ Suppose that d{G) = dim(G'). If G is trivial, there is noth- 
ing to prove. Now suppose that G 7^ 1 and choose a normal subgroup N < G such 
that H := G/N is just-infinite. Proceeding as in the proof of Theorem IL21 we 
conclude that d{N) = dim(A^) and d{H) = dim{H). By induction, A^ is uniform. 
Moreover, since vr(if) = 1, Lemma [2.41 implies that dim(if) < 2. 
For a contradiction, assume that dim(iJ) = 2. 



8 



BENJAMIN KLOPSCH AND ILIR SNOPCE 



Claim. We have H ^ {z) k Z^l^], where {z) = C3, Zgi^] = Z3 + Zg^ ^ Z| for a 
primitive 3rd root of unity ^ and where z acts on Z3[,^] as multiphcation by C,- 

Proof of the claim. We analyse H as before. Let A = Z3 be a self-centrahsing 
normal subgroup of H. Then H/A acts faithfully on A so that we obtain an 
embedding H = H/A -—^ GL2(Z3). Inspection of the Sylow pro-3 subgroup of 
GL2(Z3) shows that H = C3 is acting fixed-point-freely on A. Thus H = (z) p< A, 
where z has order 3 and acts on A = Z3[^] as multiplication by a 3rd root of 1. 
This proves the claim. 

In particular, d{H) = 2 and we can complement z to a generating pair for H. 
Choose a pre-image z E G of z with respect to the quotient map G — )■ G/N. Since 
G is torsion-free, the powerful group is uniform and Lemma 12.51 implies that 
z^ e N \ = N \ N^[N, N]. This implies that 

d{G) < d{H) + {d{N) - 1) = dim{H) + dim{N) - 1 < dim(G), 

which is a contradiction. 

This forces dim{H) = 1 so that if = Z3 is powerful. From 

2dim(G) _ ^d{G) <i \G : G'^\ < 3\N : N^\ = 3l+<ii™(^) = 3dim(G) 

it follows that \G : G^[G,G]\ = 3'^(^) = \G : G^\. We deduce that [G,G] C G^ 
Hence G is powerful and, because G is torsion-free, G is uniform. □ 

Implicitly the proofs of Theorems 1 1 . 2 1 and 1 1 . 3 1 also yield the following fact. 

Proposition 2.6. Suppose that p > 3 and let G be a soluble uniform pro-p group. 
Then G is poly-Zp, i.e., there exists a finite chain of subgroups G = Gi ^ . . . ^ 
Gr+i = 1 such that Gj+i < Gi and Gj/Gj+i = Zp for 1 < i < r. 

Example 2.7. Consider the metabelian group G := (y) k A, where (y) = Z2, 
A = TL^^ with d>2 and y acts on A as scalar multiplication by — L Note that 
G is not powerful, even though it is torsion- free and d{G) = dim(G) = rk(G'). 

Proof of Corollary By [T6l Proposition 16.4.2 (v)] the pro-p completion Vp of 
r is a torsion free pro-p group of finite rank and dim(rp) = h{T). Clearly, Tp is 
soluble. Now, using Theorems 11.21 and 11.31 we deduce that Vp is a uniform pro-p 
group if and only if d{Tp) = dim(rp). Since 

d{fp) = dim^^{fp/{fpY[fp,fp]) = dim^^(r/rp[r,r]), 

the assertion follows. □ 

Let r be a finitely generated nilpotent group. If r/[r,r] and F have the same 
Hirsch length, i.e., /i(F/[F,F]) = h(T), then [F, F] is finite and F is an FC-group, 
i.e., a group with finite conjugacy classes, so that |F : Z(F)| < 00. In this case Fp 
is uniform for almost all primes p. On the other hand, if /i(F/[F, F]) < h(r) then 
Fp is uniform for at most finitely many primes p: the group fails to be uniform for 
all p with p ^ n(F/[F,F]). This should be contrasted with the fact that in any 
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case Tp is saturable for almost all primes p, because it is so for all p ^ n(r) with 
p > h{T), by [71 Theorem A]. 

2.3. Next we prove the assertions in Section [LT] about pro-p groups G of finite 
rank which are not necessarily soluble. We recall the following concepts from [2]. 

Definition 2.8. Let G be a pio-p group. A potent filtration in G is a descending 
series Ni, i E N, of subgroups of G satisfying the following conditions: 

(i) n.eN^^ = i, 

(ii) [Ni, G] < Ni+i for all i G N, 

(iii) [Ni, G,. . ^.,Gj < Nf^^ for all i G N. 

p-i 

We say that a subgroup of G is PF-embedded in G if there is a potent filtration 
in G starting at A^. The pro-p group G is called a PF-group if G is PF-embedded 
in itself. 

Note that if A^j, i G N, is a potent filtration in a pro-p group G then for each 
G N the series Aj, i > k, is a potent filtration starting at A^^,. In particular, each 
Nk is a PF-group. 

A finitely generated pro-p group is saturable if it admits a certain type of 'valu- 
ation map'; for precise details we refer to [9]. For instance, if G is a uniform pro-p 
group then one can show that G is saturable by considering the valuation map 

w: G M>o U {oo}, X H- sup{k | A; > 1 and x G G'^'' ^}. 

In |5], Gonzalez-Sanchez proved that a finitely generated pro-p group G is saturable 
if and only if it is a torsion-free PF-group. 

Proof of Theorem \1.5[ Suppose that d{G) = dim(G). Clearly, G is torsion-free 
and it suffices to prove that G is powerful. Let A^ be an open PF-embedded 
subgroup of G and let Aj, i G N, be a potent filtration in G starting at A^i = A^. 

For any subset X C G we denote by X^^^ the collection of all pth powers x^ of 
elements x G X. Since X is a saturable pio-p group, we have NP = N^p\ 

Claim. For every x G G we have {xN)^p^ = xPNp. 

Proof of the claim. P. Hall's collection formula shows that for all a; G G and 

ue N, 

(xu)P = xPuP mod 72((a;, u)Ylp{,{x, u)). 

Since Aj, i G N, is a potent filtration in G it follows that for all x G G and w E Ni 
we have i2{{x,w))P C [X„ Gf C N^^^ and lp{{x,w)) C [Ni,G^_^^ C Xf^,. 

p-i 

This implies that 

(2.2) {xw)P = xPnjP mod Xf+i 

for all X G G and w G N^. Now since N = Ni^ we deduce that (xX)^p> C xPNp. 
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For the reverse inclusion, we need to show that, given x G G and u G N, there 
exists V E N such that {xvY = x^u^. Note that by (I2.2p we have {xuyu2 = x^u^ 
for some U2 € Applying once more (12. 2p . we obtain {xuu2yu^ = x^u^ for some 

G iVs. Proceeding in this way, we construct inductively a sequence (uj)^i, with 
Ui = u, such that Uj G Ni and {xuiU2 ■ ■ ■ UiYu^^-^ = x'^u^ for every z G N. Writing 
Vi = U1U2 ■ ■ - Ui, we see that (fi)^i is a Cauchy sequence and, taking limits, we 
obtain {xvy = x^u^, where v = lim Vi G A^. This proves the claim. 

Now suppose that x,y E G with x^N^ = y^N^. Then there exists u E N 
such that {xuY = y^- Since the p-power map is injective on G, we conclude 
that xu = y so that xN = yN. Hence G ^ G, x ^ x^ induces a bijective 
correspondence between the cosets of in G and their pth powers, i.e., a bijection 
{xN \ x eG} ^ {xPNP \ X e G}, xN ^ {xN^p^ = xPNp. 

Let /i be the normalised Haar measure on the compact group G so that fi{G) = 1. 
Since is a saturable open subgroup of G, note that \N : Np\ = = pdim(G)_ 

For every x G G we see that 

^{xPNP) = fi{NP) = \N : A^^'|-V(iV) = p- "^'"^^^^ \G : N\-\ 

and thus we conclude that 

^.(G^P}) = \G:N\ {p"^'^^^^\G : N\-') = 

Using d{G) = dim(G), this yields 

/(G) = \G : GP[G,G]\ < \G : GP\ = (i^iGP))-^ < (//(G^p))"' = = p'^(G). 

Hence [G, G] C G^, and G is powerful. □ 

Proof of Corollary \l.(A Suppose that G is a subgroup of a finitely generated sat- 
urable pro-p group S. Since S is saturable, the map S* — )■ S*, s 1— )■ is injective 
and therefore its restriction to G is also injective. By Theorem 11.51 it suffices to 
show that G has an open PF-embedded subgroup. 

The saturable closure of G in S, denoted by sat5'(G), is a saturable subgroup of 
S which contains G as an open subgroup and is the smallest saturable subgroup 
with this property; see |T3] or [9]. Replacing S by sat5'(G), we may assume that 
IS* : G| is finite. Since S is saturable, it is a PF-group. Let S'j, i G N, be a 
potent filtration of S starting at Si = S. Since \S : G\ < 00, there exists a 
positive integer k such that Sp C G. Then Sp is an open subgroup of G and 
PI Proposition 3.2(iii)] implies that , z G N, is a potent filtration of S. In 
particular, Sp is an open PF-embedded subgroup of G. □ 

As mentioned in the introduction, saturable pio-p groups need not be uniform. 
Corollary I L 71 which provides a practical criterion for deciding whether a saturable 
group is uniform, is a direct consequence of Corollary 11.61 
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Proof of CoroUary \1.8i . In [7J Gonzalez-Sanchez and Klopsch proved that every 
torsion-free p-adic analytic pro-p group of dimension less than p is saturable. Thus 
the assertion follows from Corollary 11.71 □ 

Suppose that p > 3. We recall that a subgroup of G is powerfully embedded 
in G if [N,G] C Np. If is powerfully embedded in G then Np'~\ i G N, is a 
potent filtration in G; in particular, is PF-embedded in G. Thus we obtain 
from Theorem 11.51 also the following corollary. 

Corollary 2.9. Suppose that p > 3. Let G be a pro-p group of finite rank with 
an open powerfully embedded subgroup and such that the map G ^ G, x ^ is 
injective. If d{G) = dim(G') then G is uniform. 

2.4. Finally, we explore a possible analogue of Conjecture II. II for finite p-groups, 
as suggested toward the end of Section 11.11 

Proof of Proposition \1.1(K Let p > 3 and suppose that the answer to Question 11.91 
is 'yes'. Let G be a torsion-free pro-p group of finite rank such that d{G) = dim(G). 
We need to prove that G is powerful. 

Let U he a uniform open normal subgroup of G. The open subgroups U^" , 
neN form a base for the neighbourhoods of 1 in G. By Lemma [2.51 we have that 
{x ^ G \ xP E IJP} ^ U . Since U is uniform, this implies that for all n G N, 

(2.3) Qi{G/UP") = {xUP" G G/UP" \ xP G Up") = Up"^' /Up" 

has size p'^^^i^). Since p > 3, we conclude from a result of Laffey (121 Corollary 2] 
that 

dim(G) = d{G) = limsnpd{G/UP") < limsup logp|^]l(G/f/P")| = dim(G). 

neN neN 

This implies that d{G/UP'') = logp|fii(G/t/P")| = d{G) for infinitely many neN. 
Let k be the smallest positive integer such that d[G/UP'^) = d{G). Then for 
each n > k we have d{G) > d{G/UP") > d{G/UP ) = d{G), and consequently, 
d{G/UP") = d{G) = \ogp\Qi{G /UP")\. The positive answer to Question 1 1 . 91 implies 
that G/lfP" is a powerful finite p-group for each n > k. Since G is the inverse 
limit of the groups GjlJP^ ^ n > k^ we deduce from p, Corollary 3.3] that G is 
powerful. □ 

We remark that the group = UP"^ /UP'' in o is an elementary 

abelian p-group. The proof of Proposition 11.101 shows that Conjecture II. II is true 
whenever the following 'weaker' version of Question 11.91 has a positive answer. 

Question 2.10. Suppose that p > 3 and let G be a finite p-group such that Qi{G) 
is an elementary abelian p-group. Is it true that G is powerful if and only if 
d{G) = \ogpmG)\? 
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Using [121 Corollary 2], it is easy to see that Question 11.91 has positive answer 
for all finite p-groups G with the property \G : G^\ = \Qi{G)\. In the 1930s 
P. Hall showed that this condition is satisfied for regular p-groups; see [3]. It was 
proved more recently in [6] that for p > 3 the same property is shared by every 
finite p-group G which is potent, i.e., which satisfies 7p_i(G') < G^; indeed, in this 
situation it is true that : A^^'l = |f2i(A^)| for every normal subgroup of G. 

Suppose that p > 3 and consider a finite p-group G with fli{G) < Z{G)\ such 
a group is called a p-central group. Suppose that d{G) = logp\Qi{G)\. Since G is 
p-central, by p/Q Proposition 4], we have \G : G^\ < |f2i(G')|. Now from 

1^1(01 =/(^) = \G : G''[G,G]\ < \G : G^l < \ni{G)\ 

we deduce that [G, G] C G^, which means that G is powerful. Hence for p-central 
groups the answer to Question 11.91 is positive. 

2.5. We conclude the section with two observations. In [10] Klopsch proved for 
p > 3 that every pro-p group G of finite rank with 7r(G) = 1 satisfies rk(G') = 
dim(G). This allows us to replace dim(G) by rk(G') in all the results of this section. 
For instance we obtain the following consequence. 

Corollary 2.11. Suppose that p > 3. Let G be a finitely generated pro-p group 
with an open PF-embedded subgroup and such that the map G ^ G, x ^ x'^ is 
injective. If d{G) = rk(G') then G is uniform. 

Secondly, we record a straightforward, but useful result, which can be regarded 
as a modification of |1, Proposition 4.4]. 

Proposition 2.12. Let G be a finitely generated powerful pro-p group such that 
d{G) = dim(G'). Then G is uniform. 

Proof. Let Gi = Pi{G), i G N, denote the terms of the lower central p-series 
of G, and put di := logp|Gj : By [11 Theorem 3.6(iv)], we have di > 

d2 > • • •, hence there exists A; G N such that di = dk for all i > k. Now, by 
[U Theorem 3.6(ii)], we obtain Pj{Gk) = Gk+j^i = G^ = Pjj^k-i{.G) for all 
j G N, and [H Theorem 3.6(i)] shows that Gk is powerful. Moreover, we have 
\Pj{Gk) '. Pj+i{Gk)\ = \Gk '. P2{Gk)\ for each j G N, which means that Gk is 
uniform. Now we have 

d{G) =di>d2>...>dk = d{Gk) = dim(G') = d{G), 

and consequently di = di for all i G N. Hence G is uniform. □ 

3. Hereditarily powerful pro-p groups 

In the present section we prove the assertions in Section II. 2[ 

Proof of Theorem Suppose that G is hereditarily powerful. Then G is the 
inverse limit of hereditarily powerful finite p-groups Gi, i E I, with respect to 
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connecting homomorphisms ifij : Gi — Gj for i j, where J is a suitable directed 
set. By [151 Theorems 3.1 and 4.3.1], a finite p-group is hereditarily powerful if 
and only if it is modular and, if p = 2, not Hamiltonian. (Thus excluded are all 
direct products of the quaternion group Qs with elementary abelian 2-groups.) 

Finite modular groups were classified by Iwasawa; see [8] or [HI Theorem 2.3.1]. 
According to this classification, every finite p-group H which is hereditarily pow- 
erful is of the following form: H contains an abelian normal subgroup K such that 
H/K is cyclic and there exist an element h E H with H = {h)K and a positive 
integer s such that h~^kh = fc^"*"^" for all k E K, with s > 2 in case p = 2. Hence 
each Gi, i E I, is of this form and we denote by Xi the non-empty, finite set con- 
sisting of all triples {Aix,bi\, Six) such that Gi = {bix)Ai\ with Aix < Gi abelian. 
Six G {1, 2, ... , logplGil} and bix G Gi acting on Aix as multiphcation by 1 + p**^ 
(if p = 2 we also require Six > 2). 

We consider the inverse system of the Xi, i E I, with respect to the connecting 
maps Xi — )■ Xj for i j induced by the homomorphisms (pij : Gi — )■ Gj . By 
compactness, the inverse limit X = ^m .^^ Xi is non-empty and any x = {A, b, s) E 
X yields A < G abelian, b E G and s E NU{oo} such that G = {b)A with b acting 
on A as multiplication by 1 + p**. Moreover, we obtain s > 2 for p = 2. 

The proof that groups of the described shape are hereditarily powerful is straight- 
forward. □ 

Proof of CoroUary \1.12 . By Theorem l2.2[ a finitely generated pio-p group is hered- 
itarily uniform if and only if it is hereditarily powerful and torsion-free. 

Suppose that G = {b)A is as described in Theorem 1 1 . 1 1 1 and . in addition, torsion- 
free. Put d = dim(G). If G is abelian then G = Z^. If G is non-abelian then, 
because A has elements of infinite order, (b) (1 A = 1 so that G is a semidirect 
product of (6) ^ Zp and A = Z'^-\ □ 

In [111 Theorem 1.1] we classified finitely generated pro-p groups with constant 
generating number on open subgroups, that is, pro-p groups G with the property 
d{H) = d{G) for every open subgroup H < G; see also [19] . 

Theorem 3.1 (Klopsch and Snopce). Let G be a finitely generated pro-p group 
and let d := d{G). Then G has constant generating number on open subgroups if 
and only if it is isomorphic to one of the groups in the following list: 

(1) the abelian group Z^, for d > 0; 

(2) the metabelian group (y) k A, for d > 2, where (y) = Zp, A = Z^^^ and y 
acts on A as scalar multiplication by X, with X = 1 + p'^ for some s >1, if 
p > 2, and X = ±(1 + 2*) for some s > 2, if p = 2; 

(3) the group (w) >< B of maximal class, for p = 3 and d = 2, where (w) = G3, 
i? = Z3 + Z^u = Z3 for a primitive 3rd root of unity u and where w acts 
on B as multiplication by u; 
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(4) the metabelian group {y) k A, for p = 2 and d > 2, where {y) = Z2, 
A = 1j2~^ '^^^ y ^cts on A as scalar multiplication by —1. 

Note that, if G is a hereditarily uniform pro-p group, then d{H) = d{G) for 
all open subgroups H < G. Hence, Corollary 11.121 can also be regarded as a 
consequence of Theorem 13. 1[ 

Conversely, Corollary 11.121 can be used to give a new proof of Theorem 13. H at 
least in the case p > 3. Indeed, the argument given in [11] proceeds by induction on 
the index of a saturable open normal subgroup of a given group G with constant 
generating number on open subgroups. The induction base, when G itself is 
saturable, was established using Lie ring methods. For p > 3 we can use the results 
in the present paper to give a new proof of the base step as follows. Suppose 
that G is saturable and d{H) = d{G) for all open subgroups H < G. Then 
d{H) = dim{H) for all open subgroups H < G and, by Corollary 11.61 the group G 
is hereditarily uniform. Hence G is one of the groups described in Corollary 11.121 
This establishes [HI Corollary 2.4]; for the induction step one proceeds in the 
same way as in |11] . 
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